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ABSTRACT
Most offshore wind turbines are installed using the so-

called single blade installation procedure. This means that af-
ter the tower, nacelle, and hub are installed, the rotor blades are
mounted individually. This process step is difficult and some-
times leads to delays because relative motions between the hub
and rotor blade need to be small and predictable to enable the
successful mounting of the blade. Previously published mea-
surements showed that the tower vibrates in a motion where the
nacelle moves in “orbits” that often change shape and axis di-
rection. In this work, we present a simple vibration model that
captures some characteristics of the tower dynamics. The model
represents the tower and the nacelle as two planar rigid bodies
that are connected with a torsional spring. It has three degrees of
freedom: the first body’s motion in x- and y-direction and the sec-
ond body’s rotation around the first body. An offset between the
second body’s center of mass and its point of rotation couples the
translation of the first body with the rotation of the second body.
For some configurations of the parameters that describe mass
distribution, stiffness, and geometry, the model produces motion
similar to wind turbines during installation: orbits that change in
shape and direction. These complex motions occur even without
external forcing. For other configurations, however, the tower
vibrates in a stationary orbit.

1 Introduction
The designs and industrial processes of offshore wind tur-

bines have improved steadily over the last decade. These im-
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provements enabled bottom-fixed offshore wind turbines to pro-
duce electricity at a price that can compete with coal and nuclear
energy. Nevertheless, the expansion of offshore wind energy re-
quires further enhancements of designs and processes.

A brief but challenging phase in the lifetime of an offshore
wind turbine is its installation (a recent review on turbine instal-
lation is provided by Jiang [1]). Currently, most turbines are
installed by assembling the main components at the offshore site
using an installation vessel. While different procedures such as
lifting the completely preassembled rotor have been used in the
past [2], typically, each rotor blade is installed individually off-
shore now. This so-called “single blade installation” procedure is
difficult [3, 4, 5] and sometimes leads to delays because motions
between hub and rotor blade need to be small and predictable to
enable the successful mounting of the blade.

Previously published measurements [6, 7] showed that be-
fore the blades were installed, the partially installed turbine vi-
brated in a motion where the nacelle moved in “orbits” that often
changed shape and axis direction (Figure 1). These motions were
significant in magnitude and appeared somewhat erratic. They
likely caused delays in previous wind farm installations. As new
turbine designs become greater in size, they are expected to be-
come more flexible such that vibrations could become even more
severe. At the moment, the dynamics of these motions are not
well understood. If models to predict vibrations of partially in-
stalled wind turbines were available, engineers could use them to
design structures that vibrate in a manner that is more favorable
to installation procedures. Additionally, installation procedures
could be adapted based on a better understanding of the expected
vibrations.
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FIGURE 1. Formation of orbits as observed during the installation of
the offshore wind farm “Trianel Windpark Borkum II.” Note: to enhance
visibility, the orbits are not to scale.

While models can have various forms, in this work, our aim
was the description of a simple mechanical system that captures
the most important characteristics of the observed vibration be-
havior. Such an approach is common in the study of vibrations:
One aims to describe the real system with the simplest model
that captures the main dynamics of the real system. Many vibra-
tion phenomena can be sufficiently described with systems with
only one or two degrees of freedom (see, for example, [8]). Here,
we present a model with three degrees of freedom that captures
important characteristics of the real system, a partially installed
offshore wind turbine.

This work builds on a preprint that was published in 2021
[9]. It presents a simple vibration model for wind turbines in the
“hammerhead configuration” (tower and nacelle installed, but no
blades yet). The model represents the tower and the nacelle as
two planar rigid bodies that are connected with a torsional spring.
It has three degrees of freedom: the first body’s motion in x-
and y-direction and the second body’s rotation around the first
body. Thus, its dynamics can be described with three equations
of motion. The next chapter will present the mathematics of this
vibration model. Then, Chapter 3 will present results for some
parameter values that represent a simple tabletop experiment and
an offshore wind turbine. Finally, Chapter 4 will provide a dis-
cussion and conclusions.

2 Vibration model
We model the real system in two dimensions (Figure 2). The

tower’s bending is modeled as a linear spring, which is connected
to a fixed point that represents the turbine’s foundation, and to a
first body that represents the tower’s top section. The tower’s
torsion is modeled with a torsional spring that connects a second

body with a fixed angle in the inertial reference frame. This sec-
ond body is pinned to the first body such that it translates with the
first body, but rotates freely. Consequently, the system’s three de-
grees of freedom are the first body’s position in x and y direction
and the second body’s orientation θ .

Importantly, the second body’s center of mass has an offset
from its center of rotation such that it acts as an eccentric mass.
This offset d causes coupling between the translation of the first
body and the rotation of the second body.

By applying the physical laws of conservation of linear and
angular momentum, we derived the equations of motions for the
system (a derivation is presented in an online repository). The
system’s equations of motion read:

(m1 +m2)ẍ− cos(θ)m2dθ̈ + sin(θ)m2dθ̇
2 + k1x = 0, (1)

(m1 +m2)ÿ− sin(θ)m2dθ̈ − cos(θ)m2dθ̇
2 + k1y = 0, (2)

(Izz +m2d2)θ̈ − cos(θ)m2dẍ− sin(θ)m2dÿ+ k2θ = 0, (3)

where m1 and m2 are the masses of the two bodies, Izz is the
second body’s moment of inertia, d is the distance between them,
k1 is the stiffness of the spring that connects the first body with
the origin, k2 is the torsional stiffness of the spring between the
first and second body, x and y denote the position of the first
body’s center and θ denotes the orientation of the second body
(Figure 2). Dots are used to denote time derivatives.

The equations can be arranged to have only acceleration on
the left hand side:

ẍ =
1

m1 +m2

[
cos(θ)m2dθ̈ − sin(θ)m2dθ̇

2 − k1x
]
, (4)

ÿ =
1

m1 +m2

[
sin(θ)m2dθ̈ + cos(θ)m2dθ̇

2 − k1y
]
, (5)

θ̈ =
1

Izz +m2d2 [(cos(θ)m2dẍ+ sin(θ)m2dÿ− k2θ ] . (6)

Several terms couple translation (x and y) with rotation (θ ):
for example, the acceleration in the x direction, ẍ, is equal to
terms that contain θ̇ and θ̈ (Equation 4). Such coupling terms are
necessary to appear in the equation as otherwise orbits would not
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FIGURE 2. The proposed vibration model consists of two discrete bodies and has three degrees of freedom (DOF). Due to the offset d, the second
body acts as an eccentric mass. This eccentricity leads to coupling between the translation of body 1 and the rotation of body 2.

change direction (for example, a mass that is initially displaced
would indefinitely move in a straight line or a mass that is in an
initial orbit would stay in it indefinitely).

The translational acceleration (ẍ and ÿ in Equations 4 and
5) is affected by the second mass’ centrifugal and Euler forces.
Centrifugal force acts in the −r̂ direction (a coordinate system is
shown in Figure 2) and reads,

m2dθ̇
2, (7)

and Euler force acts in the θ̂ direction and reads

m2dθ̈ . (8)

The equation for θ̈ (Equation 6) was derived by applying con-
servation of angular momentum around the second body’s center

of mass G. The force that acts at the location where the second
body is pinned to the first body (point A in Figure 2) depends on
the first body’s acceleration in x and y direction such that there
are also coupling terms with ẍ and ÿ in the equation for θ̈ .

As expected, the equations also show that if d = 0 the cou-
pling terms disappear:

(m1 +m2)ẍ =−k1x, (9)

(m1 +m2)ÿ =−k1y, (10)

Izzθ̈ =−k2θ . (11)
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3 Dynamics for different system configurations
To understand the dynamic behavior of the model, we an-

alyzed its motion for three configurations (each with different
values for the two masses, the moment of inertia, the distance
between the two masses, and the stiffness of the two springs):

• a configuration that can be realized as a simple tabletop ex-
periment (results of this experiment were presented in refer-
ence [9]; the “tower top” moved in orbits that changed their
direction);
• a configuration that we consider to represent a modern
wind turbine (the appendix provides details); and
• an unfavorable wind turbine configuration where torsional
stiffness is lower and the nacelle’s center of mass is far-
ther away from the foundation’s center (in this configuration
bending and torsion eigenfrequency are in close proximity).

The parameter values of the three configurations are listed in Ta-
ble 1. Note that compared to [9], in this paper, the parameter
values in configurations 2 and 3 were changed to better represent
wind turbines.

With parameter values similar to the tabletop experiment,
the vibration model leads to similar motions: orbits with chang-
ing main axis directions appear (Figure 3). With parameters val-
ues that we consider similar to a typical modern offshore wind
turbine in the hammerhead configuration, orbit direction changes
do not occur. If the torsional stiffness is very high such that tor-
sional motions are very low, the orbit is stable (Figure 4; we
consider this scenario typical for a modern wind turbine). In an
unfavorable wind turbine configuration with low torsional stiff-
ness orbits that change direction appear (Figure 5).

4 Discussion and conclusions
The vibration model presented in this paper leads to or-

bits comparable to a tabletop experiment presented in previous
work [9] if the parameters of the differential equations are cho-
sen, such that they are close to the parameters of the tabletop
experiment. However, for parameters resembling a typical off-
shore wind turbine, orbits were stable and hardly changed direc-
tion. When the torsional stiffness was reduced, orbits became
unstable again (they changed direction). This should be investi-
gated further in the future. It would be interesting to investigate
whether a clear boundary between parameter value combinations
that lead to stable dynamics and combinations that lead to unsta-
ble dynamics exist. And if such a boundary – a bifurcation in the
parameter space – exists, it would be interesting to investigate its
topology.

In summary, the model presented here succeeded in describ-
ing some of the characteristics that we observed in vibrating wind
turbines in the hammerhead configuration and in a simple table-
top experiment: orbits that change direction. In the vibration
model these changing directions are not caused by external forces

but by characteristics of the structure: The nacelle’s mass, which
has an offset relative to the tower’s center, causes coupling be-
tween torsional and translational motions. However, for param-
eter values that we consider typical for offshore wind turbines,
the coupling was negligible. Only in an unfavorable configura-
tion with artificially low torsional stiffness, strong coupling was
present.

Future research could try to better understand under which
configurations (masses, stiffness, offsets, ...) the system behaves
in which manner. Possibly, classes of motion can be differen-
tiated if there are systems that are “dynamically stable” while
others are unstable. Future applications of the presented model
could lie in the design process of wind turbines and in the im-
provement of installation processes.

Appendix: Parameter values to model an offshore
wind turbine

The following parameter values were assumed to represent
a typical offshore wind turbine with about 6 MW. Some values
were losely based on the Senvion turbine 6M152, for which vi-
bration measurements are available [6,7], while others are based
on back-of-the-envelope calculations:

• mass m1: 800× 103 kg (monopile part that is above the
mudline and transition piece + 80 m tower; 500 tons +
300 tons; a discussion on the substructure of a 6 MW tur-
bine is provided by [10]).
• mass m2: 400×103 kg (nacelle-hub assembly of a 6 MW
turbine).
• stiffness k1: 400×103 N m−1. The value was chosen such
that the eigenperiod is 3 s; M = m1 +m2;T = 3 s;k1 = M×
(2π/T )2.
• stiffness k2: Calculated by assuming that the tower and
monopile torsion behaves like a steel tube with constant di-
ameter and a constant wall thickness. Tube radius r = 6 m,
wall thickness t = 2.3 cm, IT = 2πr3t. k2 = GsteelIT/h with
Gsteel = 80×109, height h = 100 m.
• distance d: 0.3 m (estimated distance between the hub-
nacelle assembly’s center of gravity and the tower top’s cen-
ter for a 6 MW turbine; this offset is intended because when
the tower of an operating wind turbine bends due to wind
loads, the hub-nacelle’s weight is closer to the foundation’s
center).
• moment of inertia Izz: 4× 107 kg m2 (estimated nacelle-
hub assembly’s moment of inertia around the vertical axis
for a 6 MW turbine)

These parameters correspond to a bending eigenfrequency of
0.32 Hz and a torsional eigenfrequency of 1.38 Hz ( f0,bending =

1/(2π)
√

k1/(m1 +m2), f0,torsion = 1/(2π)
√

k2/(Izz +m2d2)).
The order of magnitude compares well with other studies: Bir
and Jonkman (2008) [11] found a bending eigenfrequency of
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Quantity Tabletop experiment Offshore turbine Offshore turbine Unit

(results are presented in [9]) (Typical configuration*) (Unfavorable configuration)

m1 0.0093 800×103 800×103 kg

m2 0.044 400×103 400×103 kg

k1 4.5 5×106 5×106 N m−1

k2 0.057 3×109 2×108 Nm rad−1

d 0.038 0.3 1.0 m

Izz 5×10−5 4×107 4×107 kg m2

Resulting bending eigenf. 1.46 0.32 0.32 s−1

Resulting torsion eigenf. 3.57 1.38 0.35 s−1

Initial condition

x(t = 0) 0.1 1 1 m

y(t = 0) 0.1 1 1 m

ẋ(t = 0) 0 1 1 m s−1

ẏ(t = 0) 0 0 0 m s−1

TABLE 1. Values used in the vibration model that roughly correspond to a tabletop experiment [9] and measurements of partially installed offshore
wind turbines [6,7]. The resulting kinematics are presented in Figures 3, 4, and 5. The resulting bending eigenfrequency was calculated as f0,bending =

1/(2π)
√

k1/(m1 +m2) and the resulting torsion eigenfrequency as f0,torsion = 1/(2π)
√

k2/(Izz +m2d2). *A derivation of these parameter values is
provided in the appendix.

0.25 Hz and a torsion eigenfrequeny of 1.27 Hz for a 5 MW tur-
bine supported on a monopile. Similar values for the 5 MW tur-
bine were found by Chaves Júnior et al. (2020) [12].

Data availablilty

Software to numerically solve the presented equations of
motions is available on Github: https://github.com/
ahaselsteiner/2022-vibration-model. The reposi-
tory also contains a derivation of the vibration model’s equations
of motion.
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FIGURE 3. Kinematics of the vibration model in the tabletop configuration (Table 1).
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FIGURE 4. Kinematics of the vibration model in a typical wind turbine configuration (Table 1).
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FIGURE 5. Kinematics of the vibration model in an unfavorable wind turbine configuration (Table 1). Parameters values were chosen such that
bending and torsion eigenfrequency are close to each other.
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